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Abstract
We discuss steady viscous Keplerian decretion discs around rapidly rotating stars.
We assume that low frequency modes, which may be excited by the opacity bump
mechanism, convective motion in the core, or tidal force if the star is in a binary
system, can transport an enough amount of angular momentum to the region close to
the stellar surface. Under this assumption, we construct a star-disc system, in which
there forms a viscous decretion disc around a rapidly rotating star because of the
angular momentum supply. We find a series of solutions of steady viscous decretion
discs around a rapidly rotating star that extend to Rdisc >∼ 10R∗ with R∗ being the
equatorial radius of the star, depending on the amount of angular momentum supply.
1. Introduction
Discs around Be stars are now believed to be viscous Keplerian decretion discs (e.g.,
Porter & Rivinius 2003; Lee, Saio, & Osaki 1991), although formation mechanism for the
decretion discs have not yet been identified. There have appeared, however, several promising
scenarios for the formation mechanism. For example, stellar evolution calculations of rapidly
rotating main sequence stars (e.g., Ekstro¨m et al 2008; Granada et al 2013) have suggested that
the rotation velocity of the surface layers can reach the critical velocity for mass shedding from
the equatorial regions as a result of angular momentum transfer from the inner region to the
surface, where the transport of angular momentum in the evolution calculation is implemented
as in Meynet & Maeder (2005) employing the theory of the transport mechanisms in rotating
stars developed by Zahn (1992) and Maeder & Zahn (1998). Cranmer (2009), on the other hand,
has proposed a mechanism of angular momentum transfer by waves propagating and damping
in the evanescent atmosphere, assuming that the waves are driven by oscillation modes below
the photosphere. Cranmer (2009) has shown that as a result of angular momentum deposition
by waves, the rotation velocity in the atmospheric layers is accelerated to the Keplerian velocity,
leading to the formation of a decretion disc around the rotating star.
Angular momentum transfer by non-axisymmetric oscillations in rotating stars has been
discussed by various authors. Circularization of binary orbit and synchronization between
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the spin of a massive star and the orbital motion of the companion in a binary system are
believed to result from angular momentum exchange between the orbital motion and the spin
of the star, where angular momentum redistribution in the star takes place through dissipative
low frequency g-modes tidally excited by the orbital motion of the companion (e.g., Zahn
1975, 1977; Goldreich & Nicholson 1989; Papaloizou & Savonije 1997; Witte & Savonije 2001;
Willems, van Hoolst, & Smeyers 2003). The problem of angular momentum transport in the
Sun by low frequency g-modes has long been a hot topic in the field since the early years of helio-
seismology and has been investigated by many researchers including Press (1981), Schatzman
(1993), Gough (1997), Kumar, Talon, & Zhan (1999), Talon, Kumar, & Zahn (2002), Mathis et
al. (2008), where low frequency modes are assumed to be excited by convection motion in the
convective envelope and suffer radiative damping as they propagate into the radiative core. For
Be stars, it has also been suggested that angular momentum transferred by non-axisymmetric
oscillations could play a role in the formation of viscous discs around the stars (e.g., Ando 1983,
1986; Lee & Saio 1993).
As a model of decretion discs around Be stars, Okazaki (2001) has calculated steady and
transonic viscous flows around the stars, taking account of the effects of the radiation pressure
on the radial flow (see also a more recent discussion by Krtic˘ka, Owocki, Meynet 2011). He has
shown that the velocity field in the disc is very close to the Keplerian near the star and tends
to angular momentum conserving in the region far from the star. In his numerical analysis, the
disc was treated as being mechanically decoupled of the central star and no angular momentum
source to support the disc was specified. These two points are what we are concerned with in
this paper.
We construct a disc-star model, consisting of a rapidly rotating star and a viscous de-
cretion disc around it. To support a decretion disc around a rotating star an enough amount of
angular momentum must be supplied to the surface layers of the star, and this angular momen-
tum supply is assumed to result from angular momentum deposition through non-axisymmetric
oscillation modes. The rotation velocity in the surface layers is accelerated acquiring angular
momentum transferred by non-axisymmetric low frequency modes and a viscous Keplerian
decretion disc forms around the star with the excessive angular momentum. Since the κ-
mechanism associated with the iron opacity bump excites low frequency and high radial order
g-modes and r-modes in slowly pulsating B (SPB) stars and low radial order f - and p-modes in
β Cephei stars (Dziembowski et al. 1993, Gautschy & Saio 1993), we may use the low frequency
modes as an agent which causes angular momentum transfer in SPBe stars. For early Be stars,
for which the opacity bump mechanism does not work for driving low frequency modes, we
could use low frequency modes stochastically excited by convective motion in the core (Neiner
et al 2012). If the Be star is in a binary system, low frequency modes tidally excited by the
orbital motion of the companion star could work for disc formation.
We employ a theory of wave-meanflow interaction to derive a meanflow equation for
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rotation, which describes the angular momentum transfer by waves (e.g., Andrews & McIntyre
1978ab; Dunkerton 1980; Grimshaw 1984). We regard the forcing term in the meanflow equation
as a source term for angular momentum. In the angular momentum conservation equation for
a disc-star system, therefore, we include both the forcing term in the wave-meanflow equation
and the viscous torque term, which is essential for angular momentum transfer in the disc. In
§2, we derive a set of ordinary differential equations we solve for a steady disc-star system. §3
is for numerical results obtained for steady disc-star systems, and we conclude in §4. In the
Appendix we derive the meanflow equation we use in this paper.
2. Equations for Viscous Decretion Discs around Rotating Stars
To discuss angular momentum transfer by non-axisymmetric oscillations in a rotating
star, we use a theory of wave-meanflow interaction, in which fluid motions are separated into
waves and the meanflow and dissipative processes of the waves propagating in the mean flow
have an essential role for the forcing on the meanflow (e.g., Andrews & McIntyre 1978ab;
Dunkerton 1980; Grimshaw 1984; Ando 1983; Goldreich & Nicholson 1989). For rotating stars,
we regard the rotation velocity field as the meanflow and global oscillations as waves. In the
Cowling approximation (Cowling 1941), in which the Euler perturbation of the gravitational
potential is neglected, the meanflow equation may be given by (see the Appendix)
ρ¯
d
〈
ℓˆ
〉
dt
=
m
2
Im[∇ · (ξ∗p′)] , (1)
where ξ∗ is the complex conjugate of the displacement vector ξ of an oscillation mode, p′ is the
Eulerian pressure perturbation, m is the azimuthal wave number, ρ¯ is the mass density in the
equilibrium state used for linear treatment of stellar pulsations, and ℓˆ is the specific angular
momentum of rotation. In the wave-meanflow interaction theory, the Eulerian coordinates
xˆα are separated into two parts such that xˆα = xα + ξα(t,x), where xα are the Lagrangian
mean coordinates in the sense that 〈ξα〉 = 0 with ξα being the displacement vector component
associated with the wave, and 〈f〉 ≡ (2π)−1 ∫ 2pi0 fdφ is the zonal average of a physical quantity
f with φ being the azimuthal angle around the rotation axis (see the Appendix). The right-
hand-side of equation (1) represents the forcing effects caused by the oscillation mode, and an
example of the forcing term calculated for low frequency modes in a slowly pulsating B star is
given in the Appendix.
To treat both a rotating star and a geometrically thin viscous disc around it as one
system, we work in cylindrical coordinates (R,ϕ, z), where we have omitted the hat ˆ from
the Eulerian coordinates xˆα for simplicity. The displacement vector of an oscillation mode
may be given in cylindrical coordinates by ξ = ξReR + ξϕeϕ+ ξzez, where eR, eϕ, and ez are
orthonormal vectors in the R, ϕ, and z directions, respectively. If we regard equation (1) as
an angular momentum conservation equation, its right-hand-side can be considered as a source
term for angular momentum attributable to the oscillations. Including both the viscous torque
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term for decretion discs and the angular momentum source term due to the oscillations, we
may write the angular momentum conservation equation as
ρ
d
dt
(Rvϕ) =
1
R
∂
∂R
(
R2σRϕ
)
+
m
2
Im
[
1
R
∂
∂R
(Rξ∗Rp
′) +
∂ (ξ∗zp
′)
∂z
]
, (2)
where d/dt denotes the substantial time derivative, and ρ is the mass density, vϕ is the azimuthal
velocity, σRϕ is the Rϕ component of the viscous tensor and is assumed to dominate other
components of the tensor for a geometrically thin disc, and we have assumed the system is
axisymmetric.
We assume that the oscillation amplitudes are saturated, for example, by non-linear
couplings between the oscillation modes (e.g., Lee 2012) so that the source term in equation
(2) be time-independent. Assuming further that the disc-star system is in a steady state, and
integrating vertically equation (2), we obtain
M˙
∂
∂R
(
R2Ω
)
=
∂
∂R
(
2πR3
∂Ω
∂R
∫ z0
−z0
ηdz
)
+ πm
∂
∂R
R
∫ z0
−z0
dz Im(ξ∗Rp
′) , (3)
where we have used σRϕ = ηR(∂Ω/∂R) with η being the shear viscosity coefficient, vϕ = RΩ,
and we have assumed p′ = 0 at the surface given by z = z0(R) (see below). Here, M˙ ≡ 2πRΣvR
is the mass decretion rate, which is a constant for steady flows, and Σ =
∫ z0
−z0
ρdz is the surface
density. Integrating equation (3) with respect to the coordinate R, we obtain
q(R)≡ 2πR3 ∂Ω
∂R
∫ z0
−z0
ηdz = M˙j(R)− f(R)− J˙ , (4)
where
j(R) =R2Ω, (5)
f(R) =mπR
∫ z0
−z0
dz Im(ξ∗Rp
′) , (6)
and
J˙ ≡ M˙j0− q0− f0 = M˙j− q− f, (7)
and j0, q0, and f0 denote the quantities evaluated at some arbitrary point R0, which could be,
for example, Rtr (see below for the definition of Rtr).
Following Paczyn´sky (1991), we assume the disc-star system is in hydrostatic balance:
1
ρ
∂p
∂R
+
∂Φ
∂R
=RΩ2, (8)
1
ρ
∂p
∂z
+
∂Φ
∂z
= 0, (9)
where the gravitational potential is given by Φ =−GM∗/
√
R2+ z2 with M∗ being the mass of
the star. To determine the surface shape of the disc-star system, we consider two neighboring
points (R,z0) and (R+ δR,z0+ δz0) on the surface such that p(R,z0) = 0 = p(R+ δR,z0+ δz0),
and we obtain, using equations (8) and (9) for hydrostatic balance,
4
dz0
dR
=
R
z0
(
r30Ω
2
GM∗
− 1
)
, (10)
where r0 ≡
√
R2+ z20.
Equations (4) and (10) are two ordinary differential equations we solve with appropriate
boundary conditions for disc-star systems. To treat a disc-star system, we divide the system
into two parts, that is, the inner part (R ≤ Rtr) and the outer part (R ≥ Rtr). The inner part
is assumed to be uniformly rotating at a constant rate Ωs and we have no need to integrate
equation (4) for the inner part. The surface shape of the inner part is obtained by integrating
equation (10) for the constant rate Ω = Ωs. On the other hand, the outer part of the system
is composed of the outer part of the rotating star and a decretion disc and is allowed to rotate
differentially. We assume the outer disc part extends to the radius Rout ≫ Rcr. We therefore
have to integrate both equations (4) and (10) to determine the rotation rate Ω(R) and the
shape z0(R).
To determine the inner part of the system, let us consider a star uniformly rotating at
a rate Ωs with no decretion discs around it. Rewriting equation (10) as dr
2
0/dR
2 = r30Ω
2
s/GM∗,
we may integrate this equation, since Ω2s/GM∗ is a constant for uniform rotation, to obtain
zs0(R)≡


(
1
Rp
− Ω
2
sR
2
2GM∗
)−2
−R2


1/2
, (11)
where zs0(R) defines the surface of the uniformly rotating star (without decretion discs), and
Rp = z
s
0(0) is its polar radius. Using the condition z
s
0(Re) = 0, we may define, as a function of
Rp and Ωs, the equatorial radius Re of a star that is uniformly rotating at a rate Ωs. With the
condition zs0(Rcr) = 0, we can also define the critical equatorial radius Rcr of a star uniformly
rotating at the critical angular velocity Ωcr ≡ (GM∗/R3cr)1/2. For these critical radius Rcr and
rotation rate Ωcr, we have Rcr/Rp = 1.5. Using this critical radius, we rewrite (11) as
y0(x) =

( 1
yp
− Ω¯
2
sx
2
2
)−2
−x2


1/2
, (12)
where x=R/Rcr, y0(x) = z
s
0(R)/Rcr, yp =Rp/Rcr = 2/3, and Ω¯s =Ωs/Ωcr. Note that y0(x) = 0
gives the critical radius x = 1 at Ω¯s = 1 for a uniformly rotating star. The rotation rate Ωs
may also be normalized by using Ωe ≡ (GM∗/R3e)1/2, which is a critical angular velocity for the
actual stellar equatorial radius Re, and in this case we have Ωs/Ωe = x
3/2
e Ω¯s with xe =Re/Rcr,
where xe is determined as the solution to y0(x) = 0 for a given Ω¯s ≤ 1. Figure 1 plots xe, Ωs/Ωe
and the velocity ratio Ve/Vcr as a function of Ω¯s, where Ve = ReΩs and Vcr = RcrΩcr. As Ω¯s
decreases, xe tends to 2/3. We also note the rapid decrease of Ωs/Ωe and Ve/Vcr as Ω¯s decreases
from 1.
To determine the outer part of the system by integrating equations (4) and (10), we
have to give a prescription for the viscous angular momentum transport. For a thin disc in
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Fig. 1. xe (solid line), Ωs/Ωe (dashed line) and Ve/Vcr (dotted line) as a function of Ω¯s = Ωs/Ωcr for a
star uniformly rotating at Ωs, where Ωe = (GM∗/R
3
e)
3/2, Ωcr = (GM∗/R
3
cr)
3/2, Ve = ReΩs, Vcr = RcrΩcr,
and Re and Rcr are the equatorial radius of a star uniformly rotating at Ωs and Ωcr, respectively, and M∗
denotes the mass of the star.
R ≥ Rtr, employing the so called α-prescription, we may give the shear viscosity coefficient η
as (Shakura & Sunyaev 1973; see also Frank, King, & Raine 2002)
η = αρ0vs,0z0, (13)
where α is a dimensionless constant parameter such that 0<α<1, and ρ0 and vs,0=(∂p0/∂ρ0)
1/2
are the density and the sound speed evaluated at the equatorial plane. We note that there exist
other ways of prescribing the α-viscosity, for example, the Rϕ component of the viscous tensor
is given by σRϕ = −α
∫ z0
−z0
pdz, which prescription was employed to calculate transonic viscous
decretion flows, for example, by Okazaki (2001). Although this prescription has an advantage
that the rank of differential equations can be reduced by one, we use the prescription (13)
to calculate expected steep changes in Ω in the boundary layers between the star and disc.
Assuming a polytropic relation p = Kρ1+1/n and z0 ≪ R, we integrate equation (9) to obtain
(Paczyn´sky 1991)
ρ= ρ0
(
1− z
2
z20
)n
with ρ0 =
[
GM∗
2(n+1)KR3
]n
z2n0 , (14)
and hence
vs,0 =
(
GM∗
2n
)1/2 z0
R1.5
, (15)
and
η = αc0
(GM∗)
n+0.5
Kn
z2n+20
R3n+1.5
, (16)
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where c0 = (2n)
−1/2(2n+2)−n. Equation (4) is now given by
4παc0
(GM∗)
n+0.5
Kn
z2n+30
R3n−1.5
dΩ
dR
= M˙R2Ω− f − J˙ . (17)
Equations (10) and (17) now make a set of ordinary differential equations we have to solve with
boundary conditions imposed at R =Rtr and R =Rout.
In this paper, we assume n = 1.5 for the polytropic index (Paczyn´sky 1991). Using
non-dimensional variables, we rewrite equations (10) and (17) as
dy
dx
=
x
y
[
Ω¯2
(
x2+ y2
)3/2− 1] , (18)
dΩ¯
dx
=
1
a
x3
y6
[
x2Ω¯− bfˆ(x)− j˙
]
, (19)
where
y =
z0(R)
Rcr
, Ω¯ =
Ω
Ωcr
, a= 4παc0
G2M2
∗
M˙K1.5
, b=
3
4
M∗Ωcr
M˙
, j˙ =
J˙
M˙
√
GM∗Rcr
, (20)
and
fˆ(x) = x
∫ z0
−z0
dz
Rcr
ρgr
ρ¯∗GM∗/Rcr
x
∑
k
mIm
(
ξ∗R
r
p′
ρgr
)
, (21)
and ρ¯∗ = M∗/(4πR
3
cr/3), g = GMr/r
2 with Mr being the mass within the sphere of radius
r≡√R2+ z2, and the summation in equation (21) is over the oscillation modes which contribute
to the forcing on the meanflow, where k denotes a collective mode index. For the polytropic
index n=1.5, we use K =0.4242GM
1/3
∗ R∗ with R∗ being the radius of the star (Chandrasekhar
1939) to obtain
a≃ 4παc′0
(
M∗
M˙
)(
GM∗
R3cr
)1/2
, (22)
and, from equation (14),
ρ0 ∼ 1.5ρ¯∗ y3/x9/2, (23)
where c′0 = c0/(0.4242)
1.5 ≃ 0.2 for n = 1.5 and we have replaced R∗ by Rcr, which may be in
between R∗ and ∼ 1.5R∗ for rapidly rotating stars. Although the constant a depends on the
viscosity parameter α, the magnitude of a/c′0 is almost the same as that of the constant b, that
is, a/c′0 ∼ b. As suggested by Paczyn´sky (1991), the constant a can be as large as a ∼ 1012α,
depending on the quantities such as M˙ , M∗, and R∗ (or Rcr). As a increases, however, it
becomes difficult to numerically find solutions to the set of differential equations. In this paper,
we employ a= 107, which leads to the disc thickness z0/R∼ 0.1 (see below).
For rapidly rotating SPB stars, for example, numerous r-modes and prograde sectoral
g-modes are destabilized by the opacity bump mechanism (e.g., Aprilia, Lee, & Saio 2012).
To determine the forcing function bfˆ (x) for the SPB stars, we need to know their amplitudes
and to sum up all the accelerating and decelerating contributions to the forcing. With a linear
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theory of oscillations, however, we have no means to determine the amplitudes and hence the
forcing function bfˆ(x).
In this paper, therefore, we just assume a simple form for the function bfˆ (x). Assuming
that the contributions to acceleration of the surface layers are dominant over those to deceler-
ation, we employ for the forcing function fˆ(x) a form given by
bfˆ(x) = b0
(
1
exp [−b1(x−x0xe)] + 1 − 1
)
≡ b0f¯(x), (24)
where b0, b1, and x0 are parameters, and xe = Re/Rcr. The parameter b0 corresponds to
the square of the oscillation amplitudes, and we have chosen the functional form for f¯(x)
so that df¯(x)/dx roughly reproduces the x dependence of 1/τAM shown in Figure 6. In
the surface region of the star where x ≃ xe ≤ 1, we may approximate |fˆ(x1 ≡ x0xe)| ∼
x21y0(x1)(ρ0/ρ¯∗) |
∑
kmIm[(ξ
∗
R/r)(p
′/ρgr)]| ∼ x−2.51 y40(x1)|
∑
kmf
2
k sin δk| where fk ∼ |ξR/R∗| is
the normalized oscillation amplitude and δk is the phase difference between ξR and p
′ near
the surface, and we have approximated gr/(GM∗/Rcr) ∼ 1. Since |f¯(x1)| = 0.5, we may have
b0 ∼ b×x−2.51 y40(x1)|
∑
kmf
2
k sinδk|. Although it is difficult to correctly estimate the magnitudes
of the quantities such as |∑kmf 2k sinδk|, assuming |∑kmsinδk| ∼ 1 and x−2.51 y40(x1)∼ 10−3, we
have b0 ∼ 1 for fk ∼ 10−2 and b∼ a/c′0 ∼ 108 for a = 107. Note that for x≫ 1, we should have
bfˆ (x) = 0, expecting there occurs no forcing on the meanflow in the disc.
The set of differential equations (18) and (19) for the outer part are integrated with
three boundary conditions, one given by dΩ¯/dx = dΩ¯K/dx at xout ≡ Rout/Rcr and other two
conditions given by Ω¯(xtr) = Ω¯s and y(xtr) = y0(xtr) at xtr ≡ Rtr/Rcr, where Ω¯K = x−3/2 is the
Keplerian angular velocity. The first two boundary conditions are used to integrate the set of
coupled two first order, ordinary differential equations (18) and (19) for a given j˙, which may
be regarded as an eigenvalue of the system of differential equations and is determined by using
the third condition. The third condition y(xtr) = y0(xtr) ensures the physical continuity of the
inner part and the outer part of the system at xtr. In this paper, we use xtr = 0.8.
As indicated by equation (19), dΩ¯/dx changes its sign at xj, at which x
2
j Ω¯(xj)− j˙ = 0 if
we assume bfˆ (x)=0 for x> 1, and we obtain xj ≃ j˙2 if we substitute Ω¯K for Ω¯. To understand a
rough property of the solution in the region 1<x<xj in which x
2Ω¯≪ j˙, we assume functional
forms given by y = c1x
s and Ω¯ = c2Ω¯K , where the parameters c1, c2, and s are assumed only
weakly dependent on x, and substituting the forms into equations (18) and (19), we have
sc1x
2s−2 = c22(1+y
2/x2)3/2−1 and 1.5c2x−2.5 = j˙/(ac61x6s−3), and hence setting 2.5 = 6s−3, we
obtain
s=
11
12
, c1 ∼
(
j˙
ac2
)1/6
, c2 ∼ (1+ sc
2
1x
2s−2)
1/2
(1+ c21x
2s−2)
3/4
∼ 1
(1+ c21x
−1/6)
1/4
, (25)
where we have approximated (2/3)1/6 ∼ 1 for the second equation and we have set the factor
s, on the left hand of c21 in the numerator of the third equation, equal to 1. These relations
are consistently satisfied if c1 ∼ 0.1 and c2 ∼ 1 for j˙ ∼ 10 and a ∼ 107, which indicates that
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Table 1. xm, j˙ and −b0f¯(xm) for decretion disc solutions
Ωs/Ωcr xe xm j˙ −b0f¯(xm)
b0 = 50 x0 = 0.95 xout = 10
0.9750 0.890 0.893 5.211 4.255
0.9800 0.900 0.905 4.859 3.793
0.9850 0.912 0.919 4.405 3.362
0.9900 0.926 0.936 3.837 2.826
0.9950 0.946 0.957 3.603 2.571
0.9980 0.965 0.963 5.420 4.505
0.9990 0.975 0.964 7.629 6.576
1.0000 1.000 0.965 16.81 16.04
b0 = 10 x0 = 0.95 xout = 2
0.9935 0.940 0.945 1.688 0.691
0.9940 0.942 0.948 1.666 0.657
0.9950 0.946 0.953 1.619 0.621
0.9960 0.952 0.960 1.578 0.584
0.9970 0.958 0.966 1.552 0.576
0.9980 0.965 0.972 1.577 0.594
0.9990 0.975 0.976 1.761 0.767
1.0000 1.000 0.976 3.160 2.142
b0 = 50 x0 = 0.99 xout = 10
0.9500 0.854 0.856 19.41 18.56
0.9600 0.867 0.870 18.77 17.91
0.9700 0.881 0.886 17.82 16.70
0.9800 0.900 0.907 16.39 15.50
0.9900 0.926 0.936 15.10 13.81
0.9950 0.946 0.952 16.86 15.79
0.9980 0.965 0.962 21.97 20.88
0.9990 0.975 0.966 25.70 24.53
1.0000 1.000 0.973 36.16 35.03
the decretion discs are geometrically thin for the parameter values. If the disc extends to large
radii beyond xj , the disc flows may tend to angular momentum conserving so that x
2Ω¯− j˙ be a
constant (see Okazaki 2001). If this is the case, the outer boundary condition must be modified
and an appropriate treatment of solutions around a point of xj will be required.
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3. Numerical Results
Let us give a brief description of the procedure we employ to obtain solutions to the
set of differential equations (18) and (19) for a given Ω¯s ≤ 1. Since it is difficult to solve the
differential equations for the entire region from xtr to xout by using a Runge-Kutta method
(or a relaxation method), we divide the interval (xtr,xout) into two intervals, that is, (xtr,xm)
and (xm, xout) with xm ≃ 1, and for integration we use an implicit Runge-Kutta method for
the former and a Henyey type relaxation method for the latter. Here, for xm we choose a
point xm ≃ 1 that satisfies dΩ¯/dx = 0. For a given value of the parameter j˙, we integrate
the differential equations (18) and (19), from x = xtr with starting values y(xtr) = y0(xtr) and
Ω¯(xtr) = Ω¯s, to the point xm. This integration gives xm, ym = y(xm), and Ω¯m = Ω¯(xm) as a
function of j˙, or equivalently, ym, Ω¯m, and j˙ as a function of xm. For the interval between xm
and xout, we then solve equations (18) and (19) using the relaxation method with the initial
guesses given by y= x[(j˙x−1/2−1)/1.5a]1/6 and Ω¯ = x−3/2 to find the value of xm such that the
boundary conditions y(xm) = ym and Ω¯(xm) = Ω¯m at x= xm and dΩ¯/dx= dΩ¯K/dx at x= xout
are satisfied. This procedure gives us a complete solution y(x) and Ω¯(x) for the region from
xtr to xout, which corresponds to the outer part of a disc-star system. The inner part of the
system is the part of a star uniformly rotating at the rate Ω¯s and its surface shape y0(x) is
given by equation (12). The inner part and outer part of the system are connected at xtr, and
the continuous connection is ensured by the boundary conditions given by y(xtr) = y0(xtr) and
Ω¯(xtr) = Ω¯s.
Figure 2 shows y and Ω¯ as a function of x for Ω¯s = 0.98, 0.99, and 1.00, where we have
assumed b0 = b1 = 50, xout = 10, and x0 = 0.95. In Table 1, we tabulate several characteristic
quantities such as xm, j˙, and −b0f¯(xm) as a function of Ω¯s. As shown by the left panel of
the figure, there appears a sharp dip in y at the boundary between the star and disc, and the
dip becomes deeper for smaller values of Ω¯s. Table 1 indicates that this star-disc boundary is
located at a radius near xe. If we go outwards from xtr, Ω¯ starts at a point near xe to steeply
increase to attain a super-Keplerian rate (Ω> ΩK) at xm and then decreases to the Keplerian
velocity. Note that Ω is slightly sub-Keplerian in the region of x>∼1. For a given b0, there exists
the lower limit of Ωs, below which no solutions to the differential equations are found. As Ω¯s
decreases from unity, the amount of angular momentum deposition required to accelerate the
sub-Keplerian rotation velocity to a super-Keplerian one is increased, and hence the derivative
dΩ¯/dx inevitably becomes steeper in the region where the acceleration takes place. The lower
limit of Ω¯s is reached when the point of y = 0 or dΩ¯/dx =∞ appears in the solution y or Ω¯.
For b0 = 50 and xout = 10, the lower limit of Ω¯s is ≃ 0.975.
Figure 3 shows that the ratio y/x is less than ∼ 0.1 in the disc, indicating the disc
is geometrically thin. Since the ratio is approximately proportional to j˙1/6 as suggested by
equation (25) and the value of j˙ for Ω¯s = 0.98 is larger than that for Ω¯s = 0.99 (see Table 1),
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Fig. 2. y = z0(R)/Rcr (left panel) and Ω¯ = Ω/Ωcr (right panel) as a function of x=R/Rcr for Ω¯s = 0.98,
0.99, and 1.00 for b0 = b1 = 50, x0 = 0.95, and xout = 10, where Ωcr = (GM∗/R
3
cr)
3/2 with M∗ being the
mass of the star, and the numbers attached to the lines indicate the values of Ω¯s. The dotted line in the
right panel indicates the Keplerian rotation rate given by Ω¯K = x
−3/2.
the ratio y/x for the former is larger than that for the latter. This figure also shows that the
ratio gradually decreases as x increases from x∼ 1.
If we employ b0 = 10 instead of b0 = 50, we can obtain solutions for xout = 2 but no
solutions for xout = 10 and the parameter value of j˙ we obtain for b0 = 10 is ∼ 1.5 for Ω¯s < 1.
This suggests that proper solutions to the differential equations can be obtained only when
the outer boundary condition is imposed at xout <∼ xj ≃ j˙2. We also find that the properties of
the solutions for a given j˙ do not strongly depend on xout so long as xm < xout <∼ xj . (These
properties of disc solutions are confirmed also for the case of b0 = 50.) For b0 = 10, the lower
limit of Ω¯s is ≃ 0.9935, which is much closer to unity than the lower limit ≃ 0.975 for the case
of b0 = 50. Figure 4 plots y and Ω¯ as a function of x for b0 = 10. The discs for b0 = 10 are
thinner than for b0 = 50, and the peak value Ω¯(xm) attained for the lower limit of Ω¯s is smaller
than that for b0 = 50.
To examine the case in which the acceleration takes place in a region much closer to
the stellar surface, that is, in the region of much lower density, we have carried out similar
calculations assuming x0 = 0.99 for b0 = b1 = 50 and xout =10. As shown by Figure 5 and Table
1, we again obtain a series of decretion disc solutions, the properties of which are quite similar
to those for x0 = 0.95, except for that the values of j˙ for x0 = 0.99 are much larger than those
for x0 = 0.95. Because of the large values of the parameter j˙, the discs can have larger radii for
x0 = 0.99 than for x0 = 0.95. The lower limit of Ω¯s is ≃ 0.95, which is smaller than ≃ 0.975 for
the case of x0 = 0.95.
Let us discuss about the physical meaning of j˙. With the substitution of Rm for R0,
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equation (7) becomes J˙ ≡ M˙jm−fm= M˙j(x)−q(x)−f(x), where fm= f(xm) and jm= j(xm).
The quantity j˙ = x2mΩ¯(xm)− b0f¯(xm) is now composed of the angular momentum of rotation
and the excessive angular momentum due to the forcing by the waves at xm. Since q(xtr)≃ 0,
we have M˙(jm− j(xtr))≃ fm−f(xtr), which suggests that the acceleration from j(xtr) to jm is
caused by angular momentum deposition equal to f0− f(xtr). We also note that the excessive
angular momentum −b0f¯(xm) is used to extend the disc outward from xm where −b0f¯(x) tends
to zero as x increases from xm. Since x
2
mΩ¯(xm) ∼ 1 as suggested by Table 1, the value of
j˙ and hence the possible extension of the disc is determined by the amount of this excessive
angular momentum −b0f¯(xm). If −b0f¯(xm) is large, the possible extension of viscous Keplerian
decretion discs becomes large.
4. Conclusion
We have calculated steady viscous Keplerian decretion discs around a rapidly rotating
star, assuming the existence of angular momentum supply to the region close to the surface of
the star. The angular momentum supply may be provided by angular momentum deposition
that takes place through wave-meanflow interaction, where the waves are low frequency global
oscillations excited by the opacity bump mechanism for SPB stars, or by a stochastic mechanism
for early Be stars, or by the tidal force if the star is in a binary system. We may conclude
that the angular momentum supply to the surface layers by the waves can be a mechanism
for disc formation around rapidly rotating Be stars. In the sense that angular momentum
supply to the surface layers plays an essential role for disc formation, our calculation may be
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thought complementary to recent stellar evolution calculations of rotating main sequence stars
by Granada et al (2013), who suggested that in the course of evolution the surface layers of the
rotating stars reach the critical rotation velocity, leading to mass shedding from the equatorial
regions, where the transport of angular momentum inside a star is implemented following the
prescription of Zahn (1992) for the horizontal diffusion coefficient and that of Maeder (1997)
for the shear diffusion coefficient.
If the amount of angular momentum supply, which is represented by the parameter
b0 in this paper, is large enough, viscous decretion discs can extend to a distance as far as
Rout >∼ 10Rcr, and if the acceleration takes place in the region very close to the stellar surface,
the possible extension a decretion disc attain can be as large as Rout >∼100Rcr. If b0 is small,
however, disc solutions are found only when Ω¯s is very close to unity, and the possible extension
of the discs is comparable to the stellar radius Rcr itself.
If the angular momentum supply is provided by global oscillations, the parameter b0
represents the square of the oscillation amplitudes. We have argued that the amplitudes of
order of ξR/R∗ ∼ 0.01− 0.1 can lead to reasonable values of b0. It is also important to note
that for given values of the parameters α, M∗, R∗ (or Rcr), assigning a value to the parameter
a is almost equivalent to assuming a single value for M˙ . The discussions made in this paper,
therefore, are those for a single value of M˙ , which is determined from the value a = 107 for
given M∗, R∗, and α.
The density at the mid-plane of the disc may be estimated by using equation (23),
which leads to ρ0∝ x−1.5 if the ratio y/x is assumed almost constant. Since ρ0∝ x−3.5 has been
suggested observationally, the x dependence of ρ0 in our model is in a serious conflict with the
observational estimation (e.g., Porter & Rivinius 2003). For B type stars we have a typical
mean density ρ¯∗ ∼ 10−2 g cm−3, and since y/x∼ 0.01−0.1, we obtain ρ0 ∼ 10−9−10−6 g cm−3
at x∼ 10, the value of which is much higher than that observationally estimated (e.g., Waters
1986). We could use much larger (smaller) values for the parameter a (M˙) to reduce the ratio
y/x and hence ρ0, but for the value of a much larger than 10
7, we find it difficult to numerically
obtain solutions to the differential equations. Note that decretion discs calculated for a much
larger than 107 (i.e., for M˙ much smaller than that for a = 107) would have large extensions
even for small values of b0, although we cannot prove because of the numerical difficulty.
In our steady disc-star systems discussed in this paper, the extension of the discs is
limited by xj ≃ j˙2. At large radii x≫ 1, the disc flows possibly tend to angular momentum
conserving ones (e.g., Okazaki 2001), or the discs would suffer radiative ablation to be truncated
at finite radii (e.g., Krtic˘ka, Owocki, Meynet 2011). To obtain steady and angular momentum
conserving disc solutions at large radii, we need to calculate transonic flows extending indefi-
nitely, and the set of differential equations we have solved in this paper, however, do not provide
such transonic solutions. We think this is a reason for the differences in the properties, such as
the x dependence of ρ0 discussed in the previous paragraph, of viscous disc solutions at large
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radii between Okazaki (2001) and the present paper.
It is important to note that decretion disc solutions in our model are obtained only for
Ω¯s that is close to 1 (see Table 1), and that since Ω(x)/Ωcr ≥ 1 in the boundary layers between
the disc and star as indicated by Figures 2, 4 and 5, the actual observed values of Vem/Vcr will
be close to 1 even if Ve/Vcr∼ 0.8−0.9 (see Figure 1), where we may define Vem=RmΩ(xm) with
Rm = xmRcr. Although various attempts (e.g., Townsend, Owocki, Howarth 2004; Cranmer
2005; Fre´mat et al 2005; Rivinius, S˘tefl, Baade 2006; Delaa et al 2011) have been made to
estimate the ratio Ωs/Ωcr (or Ve/Vcr) for Be stars to judge whether Be stars are rotating at
rates very close to the critical ones or at rates substantially lower than the critical rates, it
may be fair to say that no firm conclusions concerning the ratio have been obtained. For
Be stars, for example, Townsend, Owocki, & Howarth (2004) argued for the rotation rates
very close to the critical rates, but Fre´mat et al (2005) estimated the average rate of rotation
as Ω/Ωcr ≃ 0.88, which may be considered as substantially subcritical rotation rates. More
interestingly, Cranmer (2005) have suggested that the lower limits of the rotation rates for
early type Be stars are as low as 40%−60% of the critical rates but those for late type Be stars
could be very close to the critical ones. Since the model discussed in this paper becomes viable
only for stars rotating at a rate close to the critical rate, the model will be ruled out if it is
proved that most of Be stars are rotating at rates much lower than the critical rates.
As indicated by the plots of Ω¯(x), there occurs a strong differential rotation in the
region close to the surface, particularly for lower values of Ω¯s. The strong differential rotation
could modify the modal properties of oscillations and hence the accelerating and decelerating
contributions to the forcing on the velocity field. Stability analysis of low frequency modes in
differentially rotating stars, which will be one of our future studies, is necessary if we use for
the forcing mechanism the oscillation modes that are excited by the opacity bump mechanism.
Appendix 1. Mean Flow Equation in the Lagrangian Mean Formalism
Following Grimshaw (1984), in this Appendix we derive a meanflow equation for zonal
flows around the rotation axis of stars, using the Lagrangian mean formalism (see also Andrews
& McIntyre 1978b). In a frame rotating with the angular velocity Ωc, the φ component of the
momentum conservation equation in spherical polar Eulerian coordinates xˆ ≡ (xˆ1, xˆ2, xˆ3) =(
rˆ, θˆ, φˆ
)
is given by
ρˆ
[
dvˆφ
dt
+
vˆrvˆφ
rˆ
+
vˆθvˆφ cot θˆ
rˆ
+2Ωc
(
sin θˆvˆr +cos θˆvˆθ
)]
=− 1
rˆ sin θˆ
∂pˆ
∂φˆ
− ρˆ 1
rˆ sin θˆ
∂Φˆ
∂φˆ
,(A1)
where ρˆ, pˆ and Φˆ are respectively the density, the pressure, and the gravitational potential of
the fluid,
vˆr =
drˆ
dt
, vˆθ = rˆ
dθˆ
dt
, vˆφ = rˆ sin θˆ
dφˆ
dt
, (A2)
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and
d
dt
=
∂
∂t
+ vˆr
∂
∂rˆ
+
vˆθ
rˆ
∂
∂θˆ
+
vˆφ
rˆ sin θˆ
∂
∂φˆ
. (A3)
To discuss wave-mean flow interactions, we introduce the Lagrangian mean coordinates x ≡
(x1,x2,x3) = (r,θ,φ) and the displacement vector ξα for α = 1, 2, 3 such that
xˆα = xα+ ξα (t,x) . (A4)
We assume that for any given vˆα there is a unique “reference” velocity v¯α, such that when the
point xα moves with velocity v¯α the point xˆα moves with velocity vˆα (e.g., Grimshaw 1984).
Using the reference velocity, we may define
d
dt
=
∂
∂t
+ v¯r
∂
∂r
+
v¯θ
r
∂
∂θ
+
v¯φ
r sinθ
∂
∂φ
, (A5)
where ∂/∂t indicates the partial time derivative with the coordinates x being held constant.
For the wave-mean flow interaction formulatoin for zonal flows, we introduce an averaging
procedure defined by
〈f〉 ≡ 1
2π
∫ 2pi
0
fdφ, (A6)
where φ can be regarded as the ensemble parameter such that f(xα, φ+ 2π) = f(xα, φ) (e.g,
Grimshaw 1984), and we assume for the displacement ξα
〈ξα〉= 0. (A7)
The velocity v¯ may be regarded as the mean velocity associated with the coordinates (xα), and
the displacement ξα represents the waves.
Using the Jacobian J for the coordinate transformation between (xˆα) and (xα) given by
J ≡ det
(
∂xˆα
∂xβ
)
= det
(
δαβ +
∂ξα
∂xβ
)
, (A8)
where δαβ denotes the Kronecker delta, we define the mean density ρ˜ associated with the
coordinate x as
ρˆrˆ2 sin θˆJ = ρ˜r2 sinθ. (A9)
It is convenient to introduce (e.g., Andrews & McIntyre 1978b)
Kαβ =
∂J
∂ (∂xˆα/∂xβ)
=
1
2
ǫακλǫβστ
∂xˆκ
∂xσ
∂xˆλ
∂xτ
, (A10)
for which we have
∂Kαβ
∂xβ
= 0, (A11)
and
Kαβ
∂xˆα
∂xγ
= δβγJ =Kβα
∂xˆγ
∂xα
, (A12)
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where we have employed the dual summation convention that Greek indices are summed over
the range 1 to 3, and ǫ123 = ǫ231 = ǫ312 = 1 =−ǫ132 =−ǫ213 =−ǫ321 and ǫαβγ = 0 otherwise.
We rewrite equation (A1) as
ρˆ
dℓˆ
dt
=− ∂
∂φˆ
pˆ− ρˆ ∂
∂φˆ
Φˆ, (A13)
where ℓˆ is the specific angular momentum, in an inertial frame, around the rotation axis defined
by
ℓˆ= rˆ sin θˆvˆφ+Ωcrˆ
2 sin2 θˆ. (A14)
Multiplying equation (A13) by rˆ2 sin θˆJ , we obtain
ρ˜
dℓˆ
dt
+
∂p˜
∂φ
=− 1
r2 sinθ
∂
∂xβ
R3β − ρ˜ ∂
∂φˆ
Φˆ, (A15)
where
R3β = δ3β
(
Jrˆ2 sin θˆpˆ− r2 sinθp˜
)
− rˆ2 sin θˆpˆ ∂ξγ
∂x3
Kγβ, (A16)
and p˜= pˆ(ρ˜, sˆ) with sˆ being the specific entropy, and we have used the identity
K3β rˆ
2 sin θˆpˆ= δ3βJrˆ
2 sin θˆpˆ− rˆ2 sin θˆpˆ ∂ξγ
∂x3
Kγβ . (A17)
Applying the averaging procedure (A6) to equation (A15), we get
ρ˜
d
〈
ℓˆ
〉
dt
=− 1
r2 sinθ
∂
∂xβ
〈R3β〉−
〈
ρ˜
∂
∂φˆ
Φˆ
〉
, (A18)
where we have used 〈∂p˜/∂φ〉= 0. In general,
〈Rαβ〉= δαβ
〈
Jrˆ2 sin θˆpˆ− r2 sinθp˜
〉
−
〈
rˆ2 sin θˆpˆ
∂ξγ
∂xα
Kγβ
〉
(A19)
is called the radiation stress tensor (e.g., Grimshaw 1984).
Equation (A18) may be regarded as the φ component of the meanflow equation, the left-
hand-side of which may represent the time evolution of the meanflow and the right-hand-side
the forcing by the waves represented by ξα. So far we have not assumed that the amplitudes
of the waves ξα are infinitesimally small, and in principle we can formulate the wave-meanflow
interaction as a nonlinear theory, which includes equations of motion for both the meanflows and
waves. To avoid solving such a difficult non-linear problem, we use a linear theory to describe
waves ξα and we are satisfied with calculating the forcing terms in the meanflow equation using
the linear waves ξα.
If we employ a linear theory to describe waves represented by the displacement ξα, we
may write
pˆ= p¯+ δp= p¯+ p′+ ξα
∂p¯
∂xα
, (A20)
17
where p¯ is the pressure in equilibrium state, δp and p′ denote the Lagrangian and Eulerian
perturbations, respectively. Applying the averaging procedure (A6), to second order of the
perturbations we obtain after some manipulations for the second term on the right hand side
of equation (A16)〈
rˆ2 sin θˆpˆ
∂ξγ
∂x3
Kγα
〉
=
〈
r2 sinθ
∂ξα
∂x3
p′
〉
+
〈
∂
∂xγ
(
r2 sinθ
∂ξα
∂x3
ξγ p¯
)〉
, (A21)
where we have used 〈∂f/∂φ〉= ∂ 〈f〉/∂φ= 0 and ∂p¯/∂φ= 0 for the equilibrium pressure p¯, and
x3 = φ. Because
∂
∂xα
∂
∂xγ
(
p¯r2 sinθ
∂ξα
∂φ
ξγ
)
=
∂
∂φ
[
∂
∂xα
∂
∂xγ
(
p¯r2 sinθξαξγ
)]
− ∂
∂xα
∂
∂xγ
(
p¯r2 sinθξα
∂ξγ
∂φ
)
, (A22)
we find 〈
∂
∂xα
∂
∂xγ
(
p¯r2 sinθ
∂ξα
∂φ
ξγ
)〉
=
〈
∂
∂xα
∂
∂xγ
(
p¯r2 sinθξα
∂ξγ
∂φ
)〉
= 0, (A23)
and hence we can omit the second term on the right-hand-side of equation (A21) to obtain〈
rˆ2 sin θˆpˆ
∂ξγ
∂x3
Kγα
〉
=
〈
r2 sinθ
∂ξα
∂x3
p′
〉
, (A24)
and hence
〈R3α〉= δ3α
〈
Jrˆ2 sin θˆpˆ− r2 sinθp˜
〉
−
〈
r2 sinθ
∂ξα
∂x3
p′
〉
. (A25)
The meanflow equation (A18) is then reduced to
ρ¯
d
〈
ℓˆ
〉
dt
=−∇ ·
〈
ξ
∂p′
∂φ
〉
−
〈
ρ¯
∂Φˆ
∂φˆ
〉
, (A26)
where ξ= ξrer+ ξθeθ+ ξφeφ with er, eθ, and eφ being the orthonormal vectors in the r, θ, and
φ directions, and ξr = ξ1, ξθ = rξ2, and ξφ = r sinθξ3, and ρ˜= ρ¯. Since〈
ρ¯
∂Φˆ
∂φˆ
〉
=
〈
ρ¯
∂xβ
∂φˆ
∂
∂xβ
(
Φ¯+Φ′+ ξ · ∇Φ¯
)〉
=∇ ·
〈
ρ¯ξ
∂Φ′
∂φ
〉
+
〈
ρ′
∂Φ′
∂φ
〉
, (A27)
which is correct to second order of perturbations, we obtain
ρ¯
d
〈
ℓˆ
〉
dt
=−∇ ·
〈
ξ
∂p′
∂φ
+ ρ¯ξ
∂Φ′
∂φ
+
∇Φ′
4πG
∂Φ′
∂φ
〉
, (A28)
where we have used ∂Φ¯/∂φ = 0, ∇2Φ′ = 4πGρ′ and 〈∇Φ′ · ∂∇Φ′/∂φ〉 = 0. Since the az-
imuthal and temporal dependence of the perturbations are assumed to be given by the factor
exp(imφ+ iωt) withm and ω being the azimuthal wavenumber and oscillation frequency, using,
for example,
〈ξφξr〉= 1
2
Re
(
ξ∗φξr
)
=
1
2
Re(ξφξ
∗
r ) , (A29)
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we can rewrite equation (A28) as
ρ¯
d
〈
ℓˆ
〉
dt
=−1
2
Re
[
∇ ·
(
ξ∗
∂p′
∂φ
+ ρ¯ξ∗
∂Φ′
∂φ
+
∇Φ′∗
4πG
∂Φ′
∂φ
)]
=
m
2
Im
[
∇ ·
(
ξ∗p′+ ρ¯ξ∗Φ′+
∇Φ′∗
4πG
Φ′
)]
, (A30)
where the asterisk indicates the complex conjugation.
Integrating over a spherical surface, we obtain
ρ¯
d
〈
ℓˆ
〉
dt
=
m
2r2
d
dr
r2Im
(
ξ∗rp
′+ ρ¯ξ∗rΦ
′+
∂Φ′∗
∂r
Φ′
4πG
)
, (A31)
where f = (4π)−1
∫ 2pi
0
∫ pi
0 f sinθdθdφ. This expression (A31) is essentially the same as that used
by Papaloizou & Savonije (1997) who discussed the forcing by low frequency modes tidally
excited in a massive star by the orbital motion of the companion in a binary system (see also
Ryu & Goodman 1992, Lin, Papaloizou, & Kley 1993). In the Cowling approximation (Cowling
1941), we obtain
ρ¯
d
〈
ℓˆ
〉
dt
=
m
2πr2
dW (r)
dr
, (A32)
where
W (r) =−πr2Im
(
p′∗ξr
)
(A33)
may be regarded as a work function (e.g., Unno et al. 1989). We note that dW/dr > 0
and dW/dr < 0 respectively indicate the excitation and damping regions for the oscillation
modes. For uniformly rotating stars, non-axisymmetric (m 6= 0) oscillations of rotating stars
are separated into prograde and retrograde modes, and in our convention, positive (negative)
m is used for retrograde (prograde) modes. From equation (A32), we find that there occurs
acceleration (deceleration) of the zonal flow in the damping (excitation) regions of prograde
modes (m< 0), while deceleration (acceleration) occurs in the damping (excitation) regions of
retrograde modes (m> 0).
It is possible to rewrite the mean flow equation (A26) using the Reynolds stress.
Substituting into equation (A26) the φ component of the linearized momentum equation given
by
∂p′
∂φ
=−ρ¯rsinθ
[(
∂
∂t
+
v¯φ
r sinθ
∂
∂φ
)
v′φ+
1
r sinθ
∂ℓ¯
∂r
v′r +
1
r sinθ
1
r
∂ℓ¯
∂θ
v′θ +
1
r sinθ
∂Φ′
∂φ
]
,(A34)
where v¯φ = r sinθΩ1(r,θ), ℓ¯= Ωr
2 sin2 θ, Ω = Ω1+Ωc, and using
v′ =
∂ξ
∂t
+Ω1
∑
j
∂ξj
∂φ
ej − r sinθ (ξ · ∇Ω1)eφ, (A35)
we obtain after some manipulations
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ρ¯
d
〈
ℓˆ
〉
dt
=− 1
r2
∂
∂r
〈
ρ¯r3 sinθv′r
(
v′φ+2Ωfθ cosθξθ
)〉
− 1
r sinθ
∂
∂θ
〈
ρ¯r sin2 θv′θ
(
v′φ+2Ωfr sinθξr
)〉
−
〈
ρ′
∂Φ′
∂φ
〉
+
∂
∂t
∇ · 〈ρ¯r sinθQξ〉
− ∂
∂t
(
1
r2
∂
∂r
〈
ρ¯r3 sin2 θΩfrξ
2
r
〉
+
1
r sinθ
∂
∂θ
〈
ρ¯r sin2 θ cosθΩfθξ
2
θ
〉)
, (A36)
where
fr = 1+
1
2
∂ lnΩ
∂ lnr
, fθ = 1+
1
2
∂ lnΩ
∂ ln sinθ
, (A37)
Q = v′φ+2Ωfθ cosθξθ+2Ωfr sinθξr. (A38)
If we neglect the terms like ∂ 〈Qξ〉/∂t and ∂ 〈ξ2r〉/∂t assuming the amplitudes of the perturba-
tions are saturated, for example, by nonlinear effects, the expression for the forcing terms in
the mean flow equation (A36) with fθ = 1 reduce to that proposed by Pantillon et al. (2007)
and Mathis (2009).
It is instructive to give an example of the forcing term in the meanflow equation. To see
the behavior of the forcing term, we introduce the local timescale τAM defined by
1
τAM
≡ d〈ℓ〉/dt〈ℓ〉 . (A39)
An example of 1/τAM is given for low frequency modes of a 4M⊙ main sequence star with
X = 0.7 and Z = 0.02 in Figure 6, where the model has been calculated with a standard stellar
evolution code with the OPAL opacity (Iglesias & Rogers 1996), and we have used the method
of calculation given by Lee & Saio (1993) for non-adiabatic oscillation modes of a uniformly
rotating star. As the figure shows, there occurs a strong acceleration by retrograde g- and
r-modes in the layers at r/R∗∼ 0.95, although the prograde g-mode contributes to deceleration
of the rotation.
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